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Exercise 1. Some basics.

(a) 1. If AC B then B= (BN A)UA. From this follows that:
P(B)=P((BNnA)UA)
since BN A and A are disjoint we can use the kolmogorov axioms and obtain:
P(B)=P(BNnA)+P(A)

which implies that:
P(B) > P(A)

because, using the kolmogorov axioms:
P (B NA)>0 ®
2. We wish to prove that:
P(AUB)=P(A)+P(B)—P(ANB)

We first note that ANB and B are disjoint sets whose union is AUB. Hence, by kolmogorov
axioms follows that: -
P(AUB)=P(ANB)+P(B) (1)

Also, AN B and AN B are disjoint sets whose union is A, so kolmogorov axioms gives:
P(A)=P(ANB)+P(ANB)
Solving for P (A N B) and replacing in Equation (1) gives:
P(AUB)=P(A)+P(B)—P(ANnB) N

3. We wish to prove that P (A|B) satisfies the Kolmogorov axioms. That means:

P((AUC)B) = P(A|B) + P(A|C) if ANC =0

0<P(AB)<1
{P(B|B):1

I. Lets show that it satisfies the first axiom.

P(ANB)

P(AIB) = ~5ps

>0, since P (B) > 0and P (AN B) > 0.



Now we have to prove that:
P(AB)<1

Which is to prove that:
P(ANB)< P(B)

This follows directly from what has been proven in the first exercise, because ANB C
B.

II. We will now show that it satisfies the second axiom.
P((AuC)|B)=P(A|B)+ P(C|B), since ANC =0

By definition:
P(AnB) P(ANDB)
P(B) P(B)

Since AN B and C'N B are disjoint we can use Kolmogorov axioms to obtain:

P(A|B)+ P (C|B) =

P(A|B)+ P (C|B) = ﬁ (P((ANB)U(C N B))

It’s known from set theory that (AN B)U (C N B) = (AUC) N B. That means:
1
P(A|B)+ P(C|B) = 7B (P((AUC)NB)).
Which is just, by definition, P ((AU C)|B).
ITI. Finally the third axiom. By definition:

P(B|B):P(]i;)3) _ 1. =

(b) 1. We just start from one and try to get to the other. Let’s start with the second one:
P(AB) = P (A|B)
By definition: B
P(ANnB) P(ANB)
P(B)  P(B)
We know that AN B and AN B are disjoint and their union is A, so:
P(AnB) P(A)—-P(ANB)

P (B) P (B)

Using the property that P (B) =1— P(B), we obtain:

TG -r
The term on the left side is just, by definition:
P(A|B) = P(4)
Using the definition, we find that this implies to say that:
P(A|B)=P(A)P(B)

Which is the first equation. In this deduction we just need to insure that

P(A),P(B)#£0,1. ®



2. We suppose that:
P(ANB) =P (4) P (B) @)

is true. If; in the end, we obtain a true proposition, that means Equation (2) is true.

P(AnB) = P(A)P(B)
(1-P(4)(1-P(B))

= 1-P(B)-P(A)+P(A)P(B)

Now, since A and B are independent, which means that: P (A) P (B) = P (AN B), follows
that:
P(AnB)=1-(P(B)+P(A)—P(ANnB))

Now using what has been demonstrated on Exercise (a2), follows that:
P(AnB)=1-P(AUB)

Which is:
P(ANB)+P(AUB) =1

Because AN B and AU B are disjoint, we can use kolmogorov axioms and obtain:
P((ANB)U(AUB)) =1
But we know that AN B) U (AU B) = Q. Then we obtain:
P()=1

Which is true. Then Equation (2) is true. W

Exercise 2. Photo-tube

We use the following model. The probability that an event A occurs in the interval [t,t + h] is
supposed to be Ah + O(h), where A is the intensity. A is the number of particles by unity of time.
P (t) is the probability that, starting in 7', no event occurs before ¢. Then, the probability that no
event occurs before ¢t + h is just the product of the probability that no event has occurred before
t and the probability that no event has occurred between ¢ and ¢ + h, that is:

P(t+h)=P)(1— o+ O(h))

if we subtract P (¢) on both sides of the equation and divide by h and take the limit A — 0, we
get:
dP(t)
dt

Y 10

Solving this differential equation we get:

Using the normalization condition:
/ Pt)dt=1

We get that P (0) = A, which means that:



Exercise 3. Cosmic ray muons

1. 1.1 Computation of A
If f (x;\) is a probability, then:

+oo
/ flz;N)de =1
0

+oo v
/ Ae " >dz =
0

A[-de 3] ;roo =

AN =
A:

Which means that:

Integration gives:

Sl e

1.2 Cumulative distribution of the law
We wish to find the cumulative distribution, which is, by definition:

F(z;)\) = | Ae ~da
0
Integrating:
1 /7%
Fx;A) = — |=-de™ X
(3 ) A [ c } 0
= 1—f(x;N). A

2. 2.1 Derivation of the mean p
By definition of the mean u:

u:/0+ooxf(x;)\)dx

Integration by parts gives:

1 _zq|40o0 oo _z
,u:)\<[—/\xe A”o +/0 Ae Adx)

Easily we see that the first term on the right side of the last equation is zero, then:

,uz/ e xdz
0

p=A N

Which gives directly:

2.2 Derivation of the standard deviation o
By definition of the standard deviation:

o? = Var(z)

+o00 9
- [ e-w e

Computation of o2:



Expanding the square:

+oo .2 +oo y2 +oo
2:/ x—e_gdx—i—/ )\—e_%dx—/ @6_§dx
o A o A o A

The only term we have to determine is the first one, the other two we have computed
already. The second gives A? and the third gives —2\2. Therefore we have:

+oo .2
02:/ x—e*%dxf)ﬁ
0 A
Integration by parts gives:
1 z 7 +0oo +oo xr z
2 _ 2y —2 2 -z 2
o —)\<[—a;)\e AHO +2/\/0 Ne Adx)—)\

The first term on the right side of the last equation is equal to zero and the second term is
just 2A2, which gives:
o2 =2)2 - N2 =)?

That gives directly:
c=\ 11

3. We want to prove that:
P ((x € [zo,z0 +2']) | (x > x0)) = P(z < 2'.)
By definition of conditional probability we have:

P (z € [xg, 20 + 2'])
P(x > Jio)

P((x € [x0, 20 + 2]} | (z > 20)) =

Lets calculate things separately:
3.1 Calculation of P (z > xo)

P(x>m9) = 1—P(x<m)

Which, by integration gives: )
Pz >xz0)=e ~

3.2 Calculation of P (z € [zo,xo + #']) It’s known that:

P(z € [rg,z0+2']) = P(x <z +2') — P(x < xp)

Which is:
1 [rota’ 1 [
P(x e [x()?xo—&-x']):f/ e_?dx—f/ e xdz
A Jo A Jo
Integrating:
P(.%‘ c [1‘0,{1,‘0 —i—x/]) = e_xTO —e ”’f‘

Using the preceding calculations we see that:

P(x € lzg,m0+ 7)) =




Having in mind the results obtained previously, we can easily see that:

!

l—ex=Pz<a)
Which ends our demonstration. W

4. The time that the muon lived prior to entering the detector doesn’t play a role in determining
the mean life time because it follows an exponential distribution. Lets be more precise. What
we are stating here, in mathematical language is just:

P((t € [to,to+ 1) | (¢ > to) = P (t < t')

Which is what we have just proved in the previous question. W

Exercise 4. Addition of random variables

1. Using the general expression for the distribution of the sum of two random variables.

We know that given two random variables X and Y with joint density f(z,y), we have:
+oo
frovi = [ -

Given that u = z 4+ y. Since we are dealing with independent variables, we have:

f(z,y) = fx () fy(v)

Meaning that we have:

+oo
Fxay (u) = / fx (@) fy (u—z)de

— 00

For discrete random variables we have:

Iy (u Zfzv ) far (w—n)

If we use this to our two discrete random variables that follow two Poisson distributions of
parameter py and pp; we obtain:

T o—pM
f ZMNe TN gy e
N+M

(u—mn)!
Which is just a Poisson distribution with parameter (uy + pas). W

2. Employing the corresponding relation for the generating function.
By definition, a generating function of probability density function of a discrete random variable
X is just:

o0

Gx(s) = s"fx ()

r=0
For a Poisson distribution of parameter p we will have:

Gx(s)

Il
HM

B
L |°




Now, to solve this problem we just use the fact that the generating function of the sum Z =
N + M is just:

Gz(s) = Gn(s)Gar(s)

Because, using the convolution theorem, we know that the fourier transform of the convolution
of two functions is the product of the fourier transforms of the functions. Hence the previous
result. This is just:

Gz(s) = elpn+par)(s—1)

This is just the generating function of a Poisson distribution with parameter (un + pas). Hence
Z ~ Poisson(uy + pp). W

Exercise 5. Generating function for a discrete random vari-
able.

1. 1.a We wish to show that:

1.b

oo

G(z) =) p(k)

k=0
is defined for all z satisfying |2| < 1. If |2| < 1 then z = ae'® with a € [0, 1].

s G(2) =) a"e*p (k)
k=0

If this series is absolutely convergent it means that converges. So we will check for the
convergence of |G (z) |.

G (2)| = a"p(k)
We easily see that:

G(2)[ <) a*
k=0

because p(k) < 1. Therefore, if This last series converges, we assure convergence of
|G (z) |which, in turn, assures convergence of G (z). The series:

S
>
k=0

is just a geometric series that converges to ﬁ when a < 1. When a = 1 is even easier.
We just notice that:

G ()| =) p(k)
k=0

Which, since p (k) is a probability function, is just equal to unity. Therefore we have just
proved that the series converges for all z < 1. W

We wish to prove that the moments (provided they exist) are given by:

(K™) = <z(fz>n G (2)

We notice that Z = e, Then, it follows:

G(Z)=G (") = Z Z (wk')np(k)

n:
k=0n=0

z=0




. 2.a

2.b

Where we expanded the exponential in series about 0. Rearranging:

G (e?) = Zz(i%)np(k)

Where we have used the definition of the mean (K™). Direct inspection of this last equation
leads to: _
dra (ez())

~kKn _
i (K™) a0

(3)

0=0

We just have to make a bridge between this and the equation we want. We just have to
notice that, since Z = ¢*:

AG(2) _dGdz _ 4G,
9 ~dzde  az'

by the chain rule. Therefore:

Z=1

Combining this with Equation (3), we obtain the initial relation, having in mind that
Z=1=60=0 N

We wish to determine the generating function of the Poisson distribution

We have done this on Exercise 4, therefore it’s useless to repeat that. We just present the

result:
Gx(s) = et(s—1)

We wish to derive from the generating function of the Poisson distribution the relation:
(K(K-=1)(K—=2)...(K—n+1))=\".

We know that the generating function is:

Which is just (2*). Differentiating with respect to z yelds:

diiz) = i k251 (k)
k=0

We easily realize that:

d"G(z)
dzn

= ik(k—n(k—z) ci(k=n+ D)2 P (k) = (k(k—1)(k—=2) ... (k—n+1)2F")
k=0

It’s easy to see that:

d"G(z)
dzn




. 3.a

3.b

Differentiating the expression we have for the generating function:
dne)\(zfl)
dz"
This ends our deduction. W

We want to show that the mean of the Poisson distribution p (A; k) is given by (K) = A.
When n = 1 by direct substitution we obtain:

(KY=X ®

We want to show that the variance of the Poisson distribution p (A; k) is given by Var (K) = A.

We now that:
Var (K) = (K — \)?).

Expanding we obtain:

Var (K) = (K?—2KX+)\?)
= (K?)—2)\2 4+ \?
= (K%)= X (4)

To finish we just have to notice that:

(K (K —1)) = \?
Expanding and using the linearity of the expected value:

() = () = X
Which, rearranging and substituting on Equation (4) leads to:

Var(K) =X+ A -\ =) ®



