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Exercise 1. Sample statistics for (Gaussian variables.

1. We wish to show that the empirical mean X,, follows a normal law N(,u, %2) , given
that X ={X;,...,X,,} be a sample of n i.i.d. drawn from a normal law N(u,aQ).

By definition of empirical mean, we have:
1 n
Xy =~ Z X;
?

Our route will be to find the generating function of X,, and, by inspection, conclude it is the
generating function of a normal law with the desired parameters. By definition of generating
function ¢(t) we mean, as usual:

0, (1) = (")
(en i)

it an_
en i idxy ... dx,
Q

Noticing that the X; are i.i.d., we can write:

n
f(xl,“-,xn) = Hf(xl)
i
Therefore we can rearrange the integrals in this way:

05,0 = [eFmfan)dan . [ eFon e do,

Since all the integrals are identical we can write:

¢z, (t) = (/e'ii'ﬂﬂf(x) dx)n

= [6,(®)])"

Where ¢4(t) is just the generating function of the normal distribution. Lets compute it.

1 it (x—p)?
t = e;lbe_ 202 d.T
%9(t) oV 2w /




Making the change of variables © — p = u, we get:

1 itp itu u?

t) = en en 22du
(bg() Um
Noticing that:
itu u? _ Uu o it\? o2
n 202 oVv2  /2n 2 n?
We can write:
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Hence:
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Which is just the generating function of a gaussian with mean p and standard deviation %2

2
X~ N(ui)

2. An unbiased estimator of the variance is:

! Z(Xz - Xn)2

S2 =

n

n—1

2.a. We wish to show that (71_17712,)53 follows a y? distribution with n — 1 degrees of
freedom.

First we will start by stating and demonstrating (exhaustively or just intuitively) some
relations that will be needed in solving the exercise.

i If Y = g(X), with inverse X = h(Y') single valued, and fx (x) is the p.d.f. of X then:

dh(y) )

Friv) = fxlo = () | 4

Demonstration We know that:

Yy
Fy(y) = / fy(y)
It’s easy to see that:

Fy(y) = P(Y <y) = P(g(X) <y) = P(X < h(y)) = Fx(h(y)) (1)

Having in mind the relation:

dFy(y)

fy(y) = &y




and combining it with the last equality of Eq. (1) we get:

o = 4B

dh(y)
= h .
(i) |5
where we have used the chain rule and the positiveness of the p.d.f..
O

ii. In certain cases the inverse might not be single valued. Suppose that for a given y
there exist n values of x, let’s say: x1,...,2,. Then, the p.d.f. of Y will be given by:

dh(y)

fY(y)ZfX(xih(y))"dy‘ (2)

This result is intuitive since if we can get Y throughout all the X; then, the “probabil-
ity” of obtaining Y will be the sum of the “probabilities” of obtaining the X;. Hence,
the result is, more or less, obvious.

O

Now we will begin solving the exercise. First we will establish the defining equation of a
X3 (one degree of freedom). Second, it’s generating function will be computed, followed by
the generating function of a x2 (n degrees of freedom). Third and finally we will show that
S2 follows a x2_,, using for that a change a variables and a small drive-through quadratic
forms.

I. Suppose, for simplicity, that X ~ A(0,1). Therefore:

1 2

) = e 7 3
Suppose that Y = g(X) = X2, and the inverse function X = h(Y) = £1/Y. We have
also:
‘dh(y)‘ 1
dy 2\/y

Combining Eq. (2) with Eq. (3) gives:

) D2 0= V) | fxla=—yi)

2y 2y

By definition this p.d.f. is a x3, therefore Y follows a x3.
IT. It’s generating function is, by definition of generating function:

“+oo
oy (t) = / fy(y)e™¥dy

0

for simplicity of the notation we will use ¢y = ¢y (t) and we will drop the limits
of integration, focusing that, implicitly, their are still there. They will be reinserted
whenever there is an ambiguity. Then:

1 -1, 1
by = /eyw 5y~ tdy

Vo



III.

Consider the integral:

I(a,~) = /ey(”_“)y”‘ld% (a>0)

Let = y(a — it), therefore:

—x . y—1
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Hence:
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= 1=, =
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Since the X; are independent, we have:

oy, = (¢v)"
= (1—2it)®
The corresponding p.d.f. is:
1ot
= — "oy dt
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= — (1 — 2it) 2 dt
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1 —gyrl (y > 0)
= a7 a6 s =
25r(z)” Y Y

And 0 if y < 0. Where we have used the standard result:

f0+oo e (1 —2it)0dt = 2myd e, (y >0, Re(a) >0

=0, (y <0, Re(6) >0

By definition, this is a x? p.d.f. with n degrees of freedom.
To show that:

1 & _
7 2 (K= %)’

follows a x2 with n — 1 we have to enter a little in the field of quadratic

)
)

forms. Here

we will not demonstrate an important result that we will use, we just state it (you

can see the proof in any algebra book).

Let X AX? be the quadratic form associated with a real symmetric matriz A, and let
C be an orthogonal matriz that converts A to a diagonal matriz A = C*AC. Then

we have: .
XAX'=YAY' =) Ny?
i
where Y = [y1,...,Yn] 18 the row matric Y = XC, and A1, ..., \, are the eigenvalues
of A.



Checking our expression, we see (we will drop the limits of the sums having in mind
that they are all from 1 to n):

2
1 2 1
Xi—-=) X;| = X7 -2X0) X+ XX,
P I b B UNEES b P
i o ij o Im "
2 1
= Z (%’ - =+ n) X X;
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=3 () x
ij
Therefore, the matrix associated to this quadratic form is:

1+a a a

a l1+a a

a a
where a = —%. It’s easy to see that a matrix of this type has the following eigenvalues:
AM =...=X_1 =1and A\, = na+ 1. Since in our case a = f%, we have that

An = 0. Therefore there exist only n — 1 eigenvalues different from zero. Hence this
quadratic form will be equivalent to another quadratic form with one less dimension
(degree of freedom). In other words, we can make a transformation of coordinates
such that we can reduce the number of degrees of freedom. Such a transformation is
called Helmert’s transformation, which consists in:

" X1 —X5
1= — =
V2
X+ Xy — 2X5
U = ———————
V6
s = X1+X2+X3*3X4
’ V12
w _X1—|—X2+...—|—Xn_1—(n—l)Xn
n—1 —

n(n —1)
Up = Xn\/ﬁ

This {u;} have the same distribution as the {X;}, meaning they are i.i.d. also.

We easily see that:

i=1

(n—1)

Therefore TS’QL follows a x? with n — 1 degrees of freedom.



2.b. Now we wish to find Var(S2) and Var(s? = 2152).

i. Computation of Var(S2).
We already showed that 25252 ~ x2 . It’s a standard result that the expected value

g
of a x2_, random variable is just n — 1 and its variance is 2(n — 1). Therefore:

Var(n_zlSZ> =2(n—1)

g

Using the properties of the variance we can write:

(71(02)12)Var(52) =2(n—1)

Which yields:

232
Var(s2) = 27
ar(s2) =2, 7L
O
ii. Computation of Var(S;f = %Sﬁ)
We just have to notice that:
/ -1
Var(Sng) = Var(n S’Z)
n
—1)2
= (n 5 ) Var(STQL)
n—1
— 92 — (0_2)2
|

3. We wish to show that X,, e S2 are independent random variables.
We verified that (n — 1)S2 follows a x? with n — 1 degrees off freedom. (n — 1)S2 (therefore

S2) is independent of X,, because the distribution of the u; is k‘e_%(("_l)si_ui), where, as we

have seen, u,, = \/nX,. Therefore X,, and S? are independent random variables.
| |

4. We wish to show that T, = \s{—f()_(n — ) follows a Student’s law.
By definition, if X ~ A(0,1) and Y ~ x?2, independent, then the random variable:

T =

w ||

is said to have a Student’s t-distribution with r degrees of freedom.

We can show that, in fact, the pdf of T is, in fact, the expression that exist on tables of pdf’s.
We think that we are just demonstrating a definition. We will just obtain the pdf of T%.

The joint probability of X and Y is, since they are independent:

M)

T

fxy(z,y) = Cse” 7 y? e %, forz e R,y >0

Where:



With the transformation t = x (%) B

Nl=

, the joint pdf of T and Y is:

eyt = pev (1(4)" ) (1)

forr e R,y >0
s

1

since the Jacobian of the transformation is (%) *. The marginal of T is then obtained by
integrating out y, for 0 < y < +o0.

The calculation becomes:
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After making the substitution v = ¥
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Which simplifies to:

T s+1 1 1
fr(t) = (f) T —> fort e R
L(3) (sm)2 (1+2)7
S
O
We will now prove that: ~
T = Xn K

has a Student’s t-distribution with n — 1 degrees of freedom.

. — U 2 . .
Since, as we know "—2152 ~ Xn—1 and X,, ~ N (u, %) and these random variables are inde-
pendent, we can write:

_ o2
T — Xn—p Vo
N o2 S2
n n
Which is just: B
Xn—p 1
=" =
w0

Is trivial the following expression:

Xn—u 1
= o2 iﬁnl

n

Q
3
|

—

We just make the change of variables Y = ”0_21

Sp~Xp_yand V = &%“ ~ N(0,1), which is,
by definition, a Student’s ¢t-distribution with n — 1 degrees of freedom.

o=
n



Exercise 2. Fisher Information.

1. 1.a. We wish to show that the Fisher Information of a sample of n observations is
n times the information of the first observation, in the case of the empirical
mean X, of a sample of normally distributed data.

By definition the Fisher Information of one parameter of a distribution is:
o L\?
00

1(6) :/Q (—ag;£>2£(w,0) da

Where £(X,0) =[] fxi(x:]0) is called the Likelihood Function. As L is a joint function,

1(6) = —E

that is to say,

Q

Differentiating both sides with respect to 6:

0
%/Ed:cl...dxn—o

oL 10L OlnL
%dxl...dazn— Eaeﬁdxl...dxn: o0 Ldzy ...dz, =0 (4)

Differentiating again:

/ (821n£ OlnL10L
Q

st ag £80>£dx1...dxn:0

which is just the definition of the expectation:
2L (L)
E =
l 067 " ( 26 ) ] 0

This way we can redefine the Fisher Information as:

0?InL
1= [224
In normally distributed data,
1 z—p)?
fxla) = —=e™ A
2

the Likelihood function of the parameter § = u of a sample of n observations is:

n
(Ll u)

X|N Hsz $z|M

Considering it “s logarithm we obtain:

InL,(X|p) = —nlnov2r — Z — 1)

202

1
= —nlnov2r f—z 27* nu? Jrfnxu



Calculating the first two derivatives in order of p:

OlnL, n nT
o T2kt 2
9%InLl, _n
o2 o2

Taking it "s expectation:

o2

0°InL, n
I(4) = _E _
() [ o ]

we obtain the Fisher Information of the sample of n observations.

Considering the first element of the sample as a unit sample, its Likelihood function is
just its density function and so:

R
InLy(X1,p0) = —Inv2ro — (361272'@
o

Calculating again its derivatives and its expectation we obtain:

82 1H£1 - _i
o2 o2
82 1H£1 - _i
Ou? o2
1
Li(p) = )

And so we have proven that I,,(6) = nl;(0)
|

. We wish to show how does the minimum variance bound (M'VB) behaves with
the number of observations n.

Consider the expectation of the estimator ¢ of a function of a distribution’s parameter:
Elt—7(0)] =0

Using the linearity of the expected value and it’s definition:
/ tLdxy ... dx, = b+ 7(0)
Q
Differentiating both sides in respect to 6

0 B oL .
%/Qtﬁdzl...dxn—/gt%dml...dxn—T(ﬂ)

Rearranging the integral we obtain:

oln(L) L o
/Qt 50 dzy ... dz, =7'(0)

Equation (4) states that:

OlnL
o[22

This means we can rewrite the equation and obtain:

/ = (0] 2L fday - da, = 7(0)



Using the Cauchy-Schwarz inequality:
E[X:X.]? <E[X} E[X2]

Therefore:

2
8ln££
00

EFO) =B [[t —2(0)]

combined with the inequality stated, gives:
1 2
B[ O)] <E[it—rO)F]E [(%‘;Lc) ]

Hence, using the definition of Var(t) and of Fisher Information:

Var(t) >
ar(t) > 700)

This means that the variance has a lower limit — MVB.

In our case 7(f) is just § = p and t = X,,. So the MVB is:

0.2

MVB = I()"' = —

So, as n increases the MVB decreases.
[ |

2. We wish to study the middle point estimator for the mean of the uniform distri-
bution.

i. Using the definition of the likelihood function:

_[Mbo<a <o
Ln(@,0) = {0 ifnot.

& 0<z <0
10 ifnot.

In Figure (1) we plot the likelihood function for two values of n.

ii. The log-likelihood of this function is:
InL, =-nlnb, 0<x; <0

only defined for this values of x;.

Computing the derivative:
olnL,

9(3)

The Fisher Information of this estimator is:

I”(Z) . <881r(1g£)n>2




Figura 1: Likelihood of theta

O
iii. In the case of the unit sample:
Lo<az; <o
Lile,0) = {8 ifnot.
& 0<a;<0
“ 10 ifnot.
And so:
Olnly 1
0\ — 6
9 (5 2
Which means that:
0 1
Il 5 = ) 5
(3)
This means that the statement:
0 0
n(3) =n(3)
does not hold in this case.
O

iv. Using the definition of the Variance:

0
Var (2> =E

(-]
(5)

The variance of this estimator is independent of the size of the sample, which means that
this is not a consistent estimator, that is to say that its accuracy doesn’t improve when we
make more observations. We can also realize that this is not the MVB estimator of this

distribution, noting that:

o\ 1
MVB = I, <) =
2 n

11

(8)°




Exercise 3. Sufficient statistics.

Let X ={X;,...,X,} be a sample of n i.i.d. drawn from a normal law J\/(u, ,ug).

1. We wish to show that the empirical mean X,, is not a sufficient statistics for p.

The necessary and sufficient condition for ¢ to be a sufficient estimator of the parameter 6:

L(z|0) = 9(t]6) h(z)

We obtained in Exercise 2 the likelihood function of the mean of a normal distribution:

n

1 _(zi-m)?
L, (X = e 2u?
(X|p) 1:[M N

1 \" _Puei-w?
— 5 e i 212
w 2w

. 1 " —ﬁ(p"xz-&-nu —2u p;L a:,) 5
B w2 ¢ (5)

1 " _n 2nz _ ZL;‘
() cren
= g(t[0) h(z,0)

So we are not able to factorize the likelihood function into two factors, one depending explicitly
only on the observations and another on the mean y and the estimator we are considering for
it - X,,.

|
2. We will find a two-dimensional sufficient statistics for p.
If we also estimate the population variance u? with the statistics empirical variance:
1 « = \2
Sr=-> (Xi—X,
SRS
1 o 1L op 25 &
==Y X2+ pX?2-Z2X,) X;
1< .
- lyxeex:
e
Using Equation (5)
1 :Jc2 nu?—2 P"z)
L(x s 2 — ( ) e zu it Ho T
(@|(1, 1)) o
_ ( ]. ) 6 2“ ns +nr +np 72npa?)
w27
= < 1 ) e 2” S +(m ,LL) )
V2T
(s 1®)|(z
And so £(@|(1,mu?)) = g((1, 1)/ (7, 52)) - 1.
This way a jointly sufficient statistics for p is:
t=(X,,52)
|
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Exercise 4. Cosmological parameters.

There exist measures d; of the distance d and z; of the redshift z. Related by the
expression:

c 1 .
d:ﬁo z+§(1fq0)22+0(23)

1. We wish to derive the Fisher information matrix for the parameters (Hy,q) given
we have performed n measurements of d and z

Assuming that the differences between the distances measured directly and the distances ob-
tained with the experimental values of the red shift given the model (the errors):

follow a N2(0,02), we have by definition of the (likelihood function):

= Hfm(ei)

where @ = (Hy, qp).Taking the logarithm, we get:

InL(e|@) = Z In fgi(es)

Using the fact that:
c

1
Ei=di— — (2 — =(1—q)22
(] dl HO (zl 2( qo)zl>

We obtain the following expression:

R c 22 2

The Fisher information of a multidimensional parameter 0 is a matrix with the following
elements:

OlnL OInL
Iij—El 20, . 20,

In the present case it becomes:

Computing the two derivatives:
oL zf 22
_= = S - d: - _Zi—
= Z (gl S0-ml-a) (- Za-w)

oL 2 22
%Hoazz< o)l d)'z



Calculating the elements of the Fisher Information Matrix:

x@%@+f@@]do'@;

And identifying the various terms:

oL\’ 1
0H, - otH?
oc oLy e
gy OH,| 20%H2 4

i,
(05)2 s
dq, ] 40*H?
In the matrix form it becomes:
n
Ziﬂ' Ele; -
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0

14

2

. FO

i[z +
Hy "

25+ 2 (1 - qo)]

c
[2: +

(€i+di)~€j'(6j+dj)] %ZZJE[el(el—i—dz)eJ

L))

))

S0 a)lx

%]

%Z%E[ei-zf-ej-zﬂ



